A hyperbola locus problem
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Let the left and right vertices of the hyperbola H: X? —y2=1 be AA,.

Let P(x4,¥1), Q(x4,—y1) be two different movable points on the given
hyperbola.
Let the intersection of A;Pand A,Q be M. Find the equation E of the
locus of M.
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Method 1
From the question |x,| >3 and Al(—\/§, 0),A2(\/§, O) )
Y1
PA;: v = x++v3) ..(1
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Uy y=—2—(x=v3) ...(2)
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Solving, we get: X = i, —
X1 X1
Change of subjects, we get: Xy = z, yi = % ...(3)

Then x#0, |x|<3.
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Since P(x4,y;) is on the hyperbola : X? —y2=1,wehave % -yt =1
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(3) ! (4), E: %+y2=1, x#£0, x#+V3
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In the above, x # 0, x # +v/3 should be included in E. We can also get this by another way.

Assertion: x# 0, x # +V3 inE.

P, Q are two different points on the given hyperbola, so they cannot coincide with A; and A,.
Therefore A; and A, cannot be pointsinEand x # +v3

Let L be the line joining (0,1) and Az(\/g, 0) .

L: x+\/§y—\/§=0

Solving i ﬁ—yz _q
. 3 _—

We get x = V3, y = 0 , Hence the only intersection point between Land His A, (\/?, 0).
Hence E cannot passthrough (0,1) .
Similarly E cannot pass through (0,—1) .

Method 2
From the question |x,| >3 and Al(—\/§, 0),A2(\/§, 0) )
Let M(x,y) be the intersection pointof A;Pand A,Q .
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A;,M,P are collinear, oty R (5)
. y _ V1

A5, M, Q are collinear, -ty (6)

G)x(6), =¥ (7

x2-3 X12—3
2

2
Since P(x4,y;) is on the hyperbola : X? —y?=1,wehave % -yt =1

2 X1?
—yiP=1-—0 ...(8)
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8) L (7), E: %+y%:1

By the Assertion, x # 0, x # +V3 .
Further point of interest for you to try :
2
Let the left and right vertices of the ellipse E: X? —y?2=1be A.A,.

Let P(x4,¥1), Q(x4,—y1) be two different movable points on the given ellipse.
Let the intersection of A;P and A,Q be M. Find the equation H of the locus of M.



